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Abstract. We prove the solvability in Sobolev spaces Wp'^, p > d+ 1, 
of the terminal-boundary value problem for a class of fully nonlinear par- 
abolic equations, including parabolic Bellman's equations, in bounded 
cylindrical domains with VMO "coefficients". The solvability in Wp, 
p > d, of the corresponding elliptic boundary-value problem is also ob- 
tained. 



1. Introduction and main results 
In this article, we consider parabolic equations 

dtu{t, x) + F{D'^u{t, x),t, x) 
+G{D'^u{t, x),Du{t, x),u{t, x),t, x) =0 (1.1) 
in subdomains of M"^"*"^ = {{t,x) : t G M, x G M.'^}, where 

M'^ = {x = (x\...,x'^) : x^,...,x'^ € M= (-00,00)}. 

Here 

d d 

D^u = (Diju), Du = (Diu), Di = Dij = DiDj, dt = — . 

We introduce S as the set of symmetric d x d matrices, fix some constants 
5 G (0, 1) and K G M+ := (0, 00), and throughout the article we assume that 
(Hi) F{u",t,x) is convex and positive homogeneous of degree one with 
respect to u" G S and for all values of the arguments and ^ G M"^ 

< F{u" + ce,t, x) - F{u", t, x) < leh 

(H2) G{u" ,u' ,u,t,x), u" G 5, m' G M.'^,u G M, is nonincreasing in u and 
for all values of the arguments (notice u" and not v") 

\G{u",u',u,t,x) - G{u",v',v,t,x)\ < K{\u' - v'\ + \u - v\), 

\Giu",u',u,t,x)\ < x(|n"|)|n"| +i^(|n'| + |u|) + G(t, x), 

where G and x given functions such that x '■ ^+ ~^ ^+ is bounded, 
decreasing, and x(^) — )• as r — >• 00; 
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(H3) F{u",t,x) + G{u" ,u' ,u,t,x) is convex with respect to u" G S and 
for all values of the arguments and ^ G M*^ 

<5|eP < F{u" + Ce,t, x) + G{u" + Ce,u', u, t, x) 

-F{u",t,x) -G{u",u,u,t,x) < 

We shall derive a priori estimates only using conditions (Hi) and (H2). 
It is in the proofs of the solvability where condition (H3) plays its role. 
However, we have the following 

Conjecture. In (H3) the convexity assumption on F{u", t, x)+G{u", u', u, t, x) 
with respect to u" € S can be dropped. 

To state our main results, we introduce a few notation. For r > 0, x G R^, 
and t G M, we denote 

Br{x) = {y eW^ -.{x -y\ < r}, Qr{t,x) = {t,t + r'^) x Br{x). 

If P is a domain in and —00 < 5 < T < 00, we denote the parabolic 
boundary of the cylinder {S, T) xV by 

d'{{S,T) xV) = {{T} xV)U {{S,T] x dV). 

Finally, for any T > 0, we define "Dt = (0, T) x D. 

The following VMO (vanishing mean oscillation) assumption is imposed 
on the leading term in (1.1) with a constant 6 G (0, 1] to be specified later. 

Assumption 1.1. There exists Rq G (0,1] such that for any r G {0,Rq], 
r G M, and z ^ T> one can find a function F{u") (independent of {t,x)) 
satisfying condition (Hi) and such that for any u" G S with \u"\ = 1 we 
have 

f \F{u",t,x)-F{u")\dxdt<er'^+^. (1.2) 

jQriT,z) 

The first main result of the article is about the terminal-boundary value 
problem for fully nonlinear parabolic equations with "VMO coefficients" in 
bounded cylinders. 

Theorem 1.1. Let p > d+1 be a constant, T G M+, and letV be a bounded 
C^'^ domain in W^. Assume that G G Lp{Vt)- Then there exists a constant 
6 G (0, 1] depending only on d, p, 5, and the C^'^ norm of dV such that if 
Assumption 1.1 is satisfied with this 9, then the following assertions hold. 
For any g G Wp''^{'Dt), there is a unique solution u G Wp''^{Vt) to (1.1) 
such that u — g E W^p'^('Dt)- Moreover, we have 

Mw^-\Vt) ^ ^\\'^\\w^-'\Vt) + ^WaWw^'^Vr) + ^0, (1-3) 

where N depends only on d, p, S, K, Rq, the C^'^ norm of dD, and diam(P) 
and Nq depends only on the same objects, T, and x- In particular, Nq = 
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Here Wp''^(Vt) denotes the set of functions v defined on Vt such that f , 
Dv^ D'^v, and dfV are in LpCDr), and Wp''^{Vt) is the set of all functions 
V € Wp^'^i'Dx) such that v vanishes on O'Dt- 

If F and G are independent of we also consider elliptic equations 

F{D'^u{x),x) + G{D^u{x), Du{x), u{x), x) = (1.4) 

in subdomains of M'^ with Dirichlet boundary condition. In that case As- 
sumption 1.1 becomes the following. 

Assumption 1.2. There exists Rq € (0,1] such that, for any r G (0, i?o] 
and z E V, one can find a function F{u") (independent of x) satisfying 
condition (Hi) and such that for any u" G S with \u"\ = 1 we have 

f \F{u",x) - F{u")\dx <er'^. (1.5) 

JBriz) 

Our next theorem is about the boundary value problem for elliptic equa- 
tions with VMO coefficients in bounded domains. 

Theorem 1.2. Let p > d be a constant and T) he a bounded C^'"*^ domain 
in W^. Assume that G is independent of t and G G Lp[T>). Then there 
exists a constant 9 G (0, 1], depending only on d, p, 5, and the C^'^ norm of 
dT>, such that if Assumption 1.2 is satisfied with this 9, then the following 
assertions hold. For any g G Wp{'D) there is a unique solution u G WpiT>) 
to (1.4) such that u — g £ Wp{V). Moreover, we have 

hWw^iv) < N\\G\\w2^Ty) + N\\g\\w2^v) + No, (1.6) 

where N depends only on d, p, 5, Rq, K, the C^'^ norm of dV, and diam(P) 
and Nq depends only on the same objects and x- In particular, Nq = if 

x = o. 

Here Wp{'D) denotes the set of all functions v defined in Vt such that v, 

Dv, and D'^v are in Lp{V), and W^(Pt) is the set of all functions v G Wp{T>) 
such that V vanishes on dD. 

In the literature, the interior Wp,p > d estimates for a class of fully 
nonlinear uniformly elliptic equations of the form 

F{D^u,x) = f{x) 

were first obtained by Caffarelli in [2] (see also [3]). His proof is geometric 
and is based on the Aleksandrov-Bakel'man-Pucci a priori estimate, the 
Krylov-Safonov Harnack inequality and a covering argument which can be 
found in [16] and [22]. Adapting this technique, similar interior estimates 
were proved by Wang [27] for parabolic equations. In the same paper, a 
boundary estimate is stated but without a proof; see Theorem 5.8 there. By 
exploiting a weak reverse Holder's inequality, the result of [2] was sharpened 
by Escauriaza in [8], who obtained the interior VF^ -estimate for the same 
equations allowing p > d — e, with a small constant e depending only on the 
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ellipticity constant and d. Very recently, Winter [28] further extended this 
technique to estabhsh the corresponding boundary estimate as well as the 
Wp -solvability of the associated boundary- value problem. It is also worth 

12 

noting that a solvability theorem in the space Wp\^^{Q) fl C{Q) can be 
found in [6] for the boundary-value problem for fully nonlinear parabolic 
equations. In these papers, a small oscillation assumption in the integral 
sense is imposed on the operators; see, for instance, [2, Theorem 1]. However, 
as pointed out in [28, Remark 2.3] and in [15] (see also [6, Example 8.3] 
for a relevant discussion), this assumption turns out to be equivalent to a 
small oscillation condition in the sense, which, particularly in the linear 
case, is the same as what is required in the classical Lp theory based on 
the C alder 6n-Zygmund estimates. Thus, it seems to us that the results 
in [2, 27, 8, 6, 28] mentioned above are in general not formally applicable 
to the operators under Assumption 1.1 or 1.2, in which local oscillations 
are measured in the average sense so that huge jumps in the L^o norm are 
allowed. It is still possible that the methods developed in the above cited 
articles can be used to obtain our results. In our opinion, our method is 
somewhat simpler and leads to the results faster. 

The results obtained in this article contain and generalize the Sobolev 
space theory of linear equations with VMO coefficients, which was developed 
about twenty years ago by Chiarenza, Frasca, and Longo in [4, 5] for non- 
divergence form elliptic equations, and later in [1] by Bramanti and Cerutti 
for parabolic equations. The proofs in these references are based on the 
Calderon-Zygmund theorem and the Coifman-Rochberg-Weiss commutator 
theorem. For further related results, we refer the reader to the book [21] 
and reference therein. 

However, remarkably not all known results related to VMO coefficients 
and second-order elliptic and parabolic linear equations can be obtained 
from the results of the present article. 

The reader can find in [12, 13] a unified approach to investigating the 
Lp (and Lg — Lp) solvability of both divergence and non-divergence form 
parabolic and elliptic equations with leading coefficients that arc in VIMO 
in the spatial variables and only measurable in the time variable in the par- 
abolic case. In the nonlinear setting, it is an extremely challenging problem 
whether or not one can treat i^'s which are only measurable in t. The proofs 
in [12, 13] rely mainly on pointwise estimates of sharp functions of spatial 
derivatives of solutions, so that VMO coefficients are treated in a rather 
straightforward manner. This approach is rather flexible: it has been ap- 
plied to both divergence and non-divergence form linear equations/systems 
with coefficients which are very irregular in some of the independent vari- 
ables. For example, in [9, 10] Kim and Krylov established the solvability in 
Sobolev spaces of non-divergence elliptic and parabolic equations with lead- 
ing coefficients measurable in a space variable and VMO in the other vari- 
ables; in [7] Dong and Kim considered both divergence and non-divergence 
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form higher-order ehiptic and parabohc systems in the whole space, the half 
space and bounded domains with coefficients in the same class as in [12, 13]; 
see also the references in [7] for other results in this line of research. 

Here we follow the general scheme in [12, 13] to study fully nonlinear 
elliptic and parabolic equations in bounded domains or cylinders with VMO 
coefficients. This article is a continuation of [15], in which interior estimates 
for elliptic Bellman's equations were obtained. The key ingredients in our 
proofs are the Evans-Krylov theorem applied to homogeneous equations 
with constant coefficients and a estimate for elliptic equations with 
measurable coefficients, which is originally due to F.H. Lin [20] and extended 
to the parabolic case in [15]. We also remark that as in [8, 6, 28], by 
making use of a refined Aleksandrov-Bakel'man-Pucci estimate instead of 
the classical estimate, one can extend the range of p in our results to p > d—e 
in the elliptic case and to p > d + 1 — e in the parabolic case, where e is 
a small constant depending only on d and 6. These ranges are sharp, as is 
seen from the examples in Section 1.2 of [17]. 

Remark 1.1. A few comments on the structures of (1.1) and (1.4) are in 
order. Usually, the last two terms on the left-hand side of (1.1) are combined 
into one H = F + G. However, if we are given a function H{u" , u', u, t, x), we 
can always represent it as F+G with F = H{u", 0, 0, t, x)—H[0, 0, 0, t, x) and 
G = H — F. Then usual ellipticity, convexity in (uij), Lipschitz continuity, 
and growth conditions with respect to {u",u',u) from the theory of fully 
nonlinear equations will transform into our conditions even with % = 0. 
Our form may look more attractive in the sense that no convexity condition 
with respect to u" is imposed on G. The above decomposition of H lacks 
however the requirement that F be positive homogeneous of degree one. 
Then one defines 

F{u", t, x) = lim \f{Xu", t,x), G = F-F 

and combines G with G. The fact that F is well defined follows from the 
Lipschitz continuity and convexity of F in u" . That F is positive homoge- 
neous of degree one is obvious. Furthermore, for each {t,x), the functions 
jF{Xu",t,x) are equicontinuous in u", and hence converge uniformly on 
compact sets which means exactly that 

Xiu", t, x) := j^^lHu", t, x) - F{u", t,x)\^0 

as |n"| oo. 

Remark 1.2. There are natural and essentially unique candidates for the 
functions F in Assumptions 1.1 and 1.2. To show them for a function / 
defined on a Borel set U C we set 

(/)w = TTTi / f{t,x)dxdt= f f{t,x)dxdt, 
Ml JU JU 
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where \U\ is the d + 1-dimensional Lebesgue measure oi U. In case U is a, 
Borel subset of W^, we define \U\ and {f)u in a similar way. The reader 
understands that if / also depends on u": f{u",t,x), then after averaging 
with respect to {t, x) we will get the result depending on u" as well, which 
we denote {f)u{u"). Now it is easy to see that if (1.2) holds with an F, then 
it also holds with 

FK') = (i^)Q.(.,.)K') 
provided that we multiply the right-hand side of (1.2) by a constant depend- 
ing only on d. Thus defined F{u") satisfies (Hi) as long as F does. 

Remark 1.3. A typical example when it is relatively easy to verify our hy- 
potheses is given by the following Bellman's equation: 

dtu{t, x) + sup[a'-'(a;, t, x)Diju{t, x) + 6* (a;, t, x)Diu{t, x) 

—c{oj,t,x)u{x) + f{uj,t,x)]=0, (1-7) 
where the set is a separable metric space, a = (a*-'), b = (6*), c > 0, and 
/ are given functions which are measurable in {t,x) for each a; G Q and 
continuous in lo for each {t,x). 

As usual, the summation convention is enforced throughout the article 
and the summation in (1.7) and in similar situations is performed before 
the supremum is taken. Equations of that type appear in many applications 
and, in particular, in the theory of optimal control of diffusion type processes 
they are the so-called Bellman's equations. 

Introduce, 

F{u", t, x) = sup a^^{uj, t, x)u'lj, G{u" , u', u, t, x) 

= snp[a''^ {LO,t,x)u'-j + V'{oj,t,x)u[ — c{uj,t,x)u + f{io,t,x)] — F(u",t,x) 

and assume that for any oj the function a"^^ {uj,t, x)u''j satisfies (Hi) and the 
function b'^{uj,t, x)u'- — c{uj,t,x)u + f{u,t,x) satisfies (H2). Then F and G 
satisfy (Hi)-(H3) with x = 0. 

One can give several conditions in terms of a*-', which are sufficient for 
(1.2) to hold. For instance, (1.2) is satisfied if for any r G (0, -Rq]) i G IR, 
and z ^ V one can find functions aJ'^ ioj) such that the functions d^^{Lo)u'-j 
satisfy (Hi) and for any u" G S with \u"\ = 1 



I 



I sup a^^ {u, t, x)u'lj - sup a*-' {ijj)u'lj \dxdt < Or"^^"^ 

(t,z) w w 



or, since the difference of supremums is less than the supremum of the 
absolute values of the differences, if for all j 

[ sup y^iu, t, x) - d'^iu)\ dxdt < er'^+'^. (1.8) 

jQr(r,z) 

In addition, if $7 is a finite set, then one can drop the last supremum and 
require the condition to hold for each u. As in Remark 1.2, the latter 
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condition holds with some a if and only if it holds (with slightly modified 
right-hand side) with a = aq^^T^z)- 

The remainder of the article is organized as follows. We consider ellip- 
tic equations in the half space with constant coefficients in Section 2 and 
with VMO coefficients in Section 3. With these preparations, the proof of 
Theorem 1.2 is given in Section 4. Then we turn to parabolic equations 
in the whole space with constant coefficients in Section 5 and with VMO 
coefficients in Section 6, as well as parabolic equations in the half space in 
Sections 7 and 8. Finally, the proof of Theorem 1.1 is presented at the end 
of Section 8. The reader may notice that we could have somewhat shortened 
the article by deriving some results for elliptic equations from their parabolic 
counterparts. We do not do that because it is much easier and shorter to 
explain the main ideas in the elliptic case. 

A few times in the article we will be using known results from C^''"" theory 
of elliptic and parabolic fully nonlinear equations. Part of these results is 
proved for H concave in u" and part for convex H. The reader understands 
that results for concave H are also applicable for equations with convex 
H since the transformation H{u") — )• —H{—u") changes the direction of 
convexity and does not affect the ellipticity condition. 

2. ELLIPTIC EQUATIONS WITH CONSTANT COEFFICIENTS IN 

First we introduce a few more notation. Set = {x E : > 0}. 
For r > and x = {x^,x') € R'^, denote 

Br = Br{0), Br{x') = Brix\0), 

B+ {x) = Brix)nR'i, B+ = B+ (0) , (x^ ) = 5+ (x\ 0) . 

Recall that by Du and D'^u we denote the gradient and the Hessian of u, 
respectively. 

In this section, we are interested in the equation 

F(Z?\) = /(x), (2.1) 

in the half space with F = F{u", x) independent of x. Since F is convex 
and positive homogeneous of degree one, it has a representation as in Remark 
1.3, so that we arc dealing with Bellman's equations. 

Lemma 2.1. For any u G VFj(i?^) vanishing on x^ = 0, we have 
sup \u{x) - x^ {Diu)j^+ f < Nr^"^ I \D'^uf dx, 

B+ " Jb+ 

where N depends only on d. 

Proof. Let u be the odd extension of u with respect to x^, i.e., u{x^,x') := 
n(|x^|,x')sgn(x^). By Lemma 8.2.1 in [14], u G Wj. Note that 

(n)B, = 0, (L»in)B, = (Diu)b+, (Ati)^. = for i>2. 

The lemma then follows from Lemma 2.1 of [15]. □ 
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Lemma 2.2. Let r G (0, oo), k >2 and let v G C(^+.) n C'^(B^p) for any 
p G (0, r). Assume that v is a solution of (2.1) in B^^. with / = and v = 
on = 0. Then there are constants a G (0, 1) and N, depending only on d 
and 6, such that 

[-D\]^„(b+) ^ N{Kr)-^-'^ sup \v\. 

dB+r 

Proof. Dilations show that it suffices to prove the inequaUty for Kr = 1. In 
this case, the result follows from Theorems 7.1 of [23] or of [24], which state 
that 

[D^v](.a^B+ ) <^sup|f|. 

^1 

Due to the maximum principle, the lemma is proved. □ 
Denote by Ss the set of symmetric d x d-matrices a = (a*^ ) satisfying 

Introduce as the collection of operators Lu = d^^DijU with a{x) = 
{a'^{x)) G Ss for all x G M^. 

We need a slight generalization of the main result of [20] (stated as Lemma 
2.3 in [15]) which can be proved in the same way as in [20] by using dilations 
and standard approximation arguments. 

Lemma 2.3. Let r G (0, cx)) and let u G C{Br)nW^{Bp) for any p G (0,r). 
Then there are constants 7 G (0, 1] and N , depending only on 5, d such that 
for any L Ehs we have 

I \D^u\^ dx < N ( -f {LufdxY^ + Nr'^'^ sup \u\^ . 

J Br \J Br J dBr 

Lemma 2.4. Let r G (0, 00) and let w G W|(B+)n(7(-B+) for any p G (0, r) . 

Assume that w = on dB^ . Then there are constants 7 G (0,1) and N, 
depending only on 6 and d, such that for any L G L^, 

/ \D'^w\^ dx < N ( I \Lw\'^dx\^' . 

J B+ \J B+ ) 

Proof. Denote / = Lw. Let w and / be the odd extension of w and / with 
respect to x^. Denote by L G L5 the operator with coefficients 

a^\x) = sgn(a;^)a'-'(ia;^|,x') for i = l,j > 2 or j = l,i > 2, 

a^-' (x) = a'^-' {\x^\,x') otherwise. 

Clearly, w G C{Br) H W^{Bp) for any p < r, w = on dB^, and Lw = / in 
Bj.. Now Lemma 2.3 yields 



/ \D'^w\^ dx < N ( l \f\'^dx\ 

J Br \ " / 
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To finish the proof of the lemma, it suffices to recall the definitions of w and 

/• n 

Everywhere below in this section a is the constant from Lemma 2.2 and 
7 is the one from Lemma 2.4. 

Lemma 2.5. Let r € (0,oo), k > 16, > 0. Let u € 1^1(5+ (xj)) be a 
solution of (2.1) in 5+,(xq) vanishing on B^j-ixQ) nSM^. Then 



I f 

J B+{xl) J B+(xl 



) 



I \ffdx\ +NK-^''{f , (2.2) 

where the constant N depends only on d and S. 

Proof. Dilations show that it suffices to prove the lemma only for nr = 8. 
We consider two cases. 

Case 1: x^ > 1. In this case, we have 5^^^g(xo) = Bj.^/^{xl) C M^j.. 
Therefore, inequality (2.2) is an immediate consequence of Lemma 2.4 in 
[15] since k/8 > 2 (cf. the comment at the beginning of the section). 

Case 2: x^ G [0, 1]. Since r = 8/k < 1/2, we have 

B^ixl) C Bt C Bt C Btrixl). 

By using a standard density argument, we may assume u G C^(S+.(xq)). 
Define u{x) := u{x) — x^(Diu)^+. Let u be a classical solution of (2.1) in 

B^ with / = and boundary condition v = u on dB^. Such a solution 
exists due to Theorems 7.1 of [23] or of [24]. Then by Lemmas 2.2 and 2.1, 



/ / \D\{x) - D\{y)\dxdy < iVr^iZ)^^]^..^ 
Jb+{xI) Jb+{xI) ^ ' 



< Nr" sup \v\ = Nr" sup \u\ < iVK"" ( / \D^uf dx ] . 



dB+ dB+ \JBt 

Recall that 7 G (0, 1]. By Holder's inequality, we get 

\D'^v(x) - D'^v{y)[' dxdy 



JB+{xl) JB+{xl) 



< A^K-T" ( 7- \D^u\''dx\ . (2.3) 



il \D'^u\'^d^ 

\JBUxh) J 



Next we recall a simple and well-known fact that condition (Hi) implies 
that for any S valued functions u"{x) and v"{x) there is an operator L = 
a'Wij G L5 such that F{u"{x)) - F{v"{x)) = a'^[u'l- - v'l.]{x). Then set 

w ■— u - V \u B^ and notice that w G l^J(i?+) n C{B'l) for any p < 4, 
u; = on dB2, and F{D'^u) = f. 
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It follows by the above that there exists an operator L € L5 such that 
Lw = / in B^. By Lemma 2.4 and the fact that Kr = 8, we get 

/ \D^wP dx < Nk'^ / \D^w\^ dx < Nk"^ ( / \ff dx] 

JB+{xI) Jb+ \JB+ixl) J 

and 



/ / \D^w{x)-D^w{y)\'^dxdy 

J B+{xl) JB+{xl) 

< Nk'^ I / \f\'^dx\ . 

\JbUxI) ) 



Combining this with (2.3) and observing that D^u = D^v + D^w yield (2.2). 
The lemma is proved. □ 

If 51 is a measurable function in R"^, define its maximal function by 

M{g){x)= sup / \g{z)\dz. 

Br{y)9x JBriy) 

It is easy to see that, for any r > and x G M^|_, we have 

/ \g{z)\ dz<2-f \g{z)Ij^a {z)\ dz < 2M{gI^a ){x). (2.4) 

JB+{x) J Br(x) + + 

Next in the measure space M^j. endowed with the Borel cr-field and Lebesgue 
measure consider the filtration of dyadic cubes £ = {C„,n G Z}, where 
Z = {0, ±1, ±2, ...} and C„ is the collection of cubes 

(n2-", (zi + 1)2-"] X ... X (id2-", {id + 1)2-"], n, eZ, ii> 0. 



For X G introduce 



g*{x)= sup ( / / \g{y) - g{z)\'^ dyd. 
ce€:xec \Jc Jc 



^1/7 

z 



Notice that if x G C G £, then for the smallest r > such that C C Br{x) 
we have 

/ / \giy) - gizW dydz < N{d) / / \giy) - giz)\^ dydz. 

J C J C J B+(x) J B+(x) 

This along with (2.4) and Lemma 2.5 lead to the following. 



Corollary 2.6. Let u G W]{M.f) be a solution of (2.1) in Rf. Then, for 
any x G and k > 16, we have 

{D^u)*{x) < iVK<^/TMV<i(|/|%rf)(x) + ArK-°MV<^(|D2^|%d)(x), 

where the constant N depends only on d and S. 
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Now we recall Theorem 5.3 of [15] which is a version of the Fefferman- 
Stein theorem: Let p G (1, oo) and 7 G (0, 1]. Then for any g G Lp(R^), we 
have 

IbllLp(ffirf) < ^Ib* llLp(Md), (2.5) 

where N depends on p, 7, and d only. 

Theorem 2.7. Let p > d. (i) Let u G T^p(M|) satisfy (2.1). Then there 
exists N = N{d, S,p) such that 

\\DML^(Rd) < iV||/|L^(Md). 

(a) For any A > and u G Wp{W^), we have 

MHl,{^1) + \\dMl,{r%) < N\\F{D^u) - Au||i^(Kd), (2.6) 

where N depends only on d,p, and 5. 

(Hi) For any f G Lp{M.'^) and A > 0, there is a unique solution u G 
Wp{R'l) of the equation 

F{D^u) -\u = f. (2.7) 

Proof, (i) First fix «; > 16. It follows from Corollary 2.6, (2.5), and the 
Hardy-Littlewood theorem on maximal functions that 

\\D'u\\L,^Ri) - ^^'^''WfKiK) + ^'^~"II^'^IIl,(r^), (2-8) 

where N = N{d, S,p). Assertion (i) is proved once noting that the inequality 
holds for arbitrary k > 16. 

(ii) Assertion (i) implies that, to prove (2.6), it suffices to prove 

A|hllL,(R^)<iV||/||^^(Kd), (2.9) 

where / = F{D'^u) — Xu. 

We may assume that u is smooth in M'J_ and vanishes for x large and for 
x^ = 0. Take an operator L G such that and Lu — Xu = f. Then we 
obtain (2.9) by Theorem 3.5.15 and the proof of Lemma 3.5.5 in [11] with 
N depending only on d, p, and 5. 

(iii) The proof of the solvability of (2.7) relies on its solvability in C^^"(M'|_) 
with zero boundary condition (a G (0, 1) is perhaps different from the one 
above). First we assume that / G Co°(IR4.) and by using classical results 
(see, for instance, [11] or [25]) find a function u G C^"'""(]R!^) with u{0, ■) = 
satisfying (2.7). Simple barriers show that u{x) exponentially fast as 
|a;| — )■ cx), > 0. 

Furthermore, there is a well-known and standard procedure (see, for in- 
stance the proof of Lemma 2.4.4 in [14]) to derive from (2.6) that 

Mw^iBti.)) ^ ^ e Ri, (2.10) 
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where N is independent of x. To start the procedure it suffices to notice 
that for nonnegative ( G Cq°{'R'^) we have that 

F{D\Cu))-XCu = Cf + 9, 

where 

9 = F{D\Cu))-CFiD^u), 
and by the homogeneity and Lipschitz continuity of F 

\g\ < N\D^{Cu) - CD^u\ < N{\Du\ + \u\). 

Upon combining (2.10) and the fact that u, f & Lp(M^|_), we conclude that 
u G Wp{R'^), so that estimate (2.6) is applicable. 

Having done this step we approximate the given / G Lp(M^) in the 
Lp{M$_) norm by functions fn G Cq°{W^), which would give us a sequence of 
Un G Wj^iRf) with the Wj^iRf) norms bounded such that F{D'^Un) = fn- 
A subsequence Un' converges then uniformly on compact subsets of W\_ to 
a function u G WpiMfi^.). That u satisfies (2.7) now follows from Theorems 
3.5.15 and 3.5.6 (a) of [11]. This proves the existence of solutions. 

As usual, uniqueness follows from the fact that F{D'^u) — F{D'^v) = 
L{u — v), where L G L^. The theorem is proved. □ 

3. Elliptic equations with VMO coefficients in 
We are about to deal with the equation 

F{D'^u,x) - \u = f{x) (3.1) 

in the half space M^|_. Of course. Assumption 1.2 is supposed to hold with 
V = R^. 

Remark 3.1. We are going to use the following fact: For any /j, > there 
exists 6 = 9{iJ,, d,5) > such that, if (1.5) holds with this 9 for any u" G S 
with \u"\ = 1, then 

[ sup \F{u",x) - F{u")\ dx < iir'^. (3.2) 

JBriz) u"e5:|u"|=l 

To prove this observe that one can find n = n{d,5,fi) points u'(,...,u'^ 
such that, for any x and any u" with \u"\ = 1, at least one of \F{u",x) — 
F{u'{,x)\ + |F(n") -F«)| is less than_///(4|Bi|). The latter is possible due 
to the Lipschitz continuity of F and F in u" (uniform with respect to x). 
After that it obviously suffices to choose 6 = fi/{4:n). 

We are also going to use the fact that the supremum in (3.2) is bounded 
by a constant depending only on S and d. 

Everywhere below in this section a is the constant from Lemma 2.2 and 
7 is the one from Lemma 2.4. 
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Lemma 3.1. Let /3 € (1, oo), A = 0, k > 16, /U, r > 0, Xq > 0, and z eR'^. 
Suppose that 9 = 9{fi, d, S). Let u G Wj(M'_[) be a solution of (3.1) vanishing 
outside B'^{z). Then 



/ / \D^u{x) - D^u{y)\^ dxdy 
Jb+{xI) JB+{xl) 

\Jb+{xI) J \JbU^I) J 

\JB+{xh) J 



where N = N{d, 5, P) and = - 1). 
Proof. Introduce 



, otherwise. 

F{D\) = f{x), 
f{x) = F{D^u) - F{D^u,x) + f{x). 



F{u") 

Observe that 
where 
By Lemma 2.5, 

/ / \D'^u{x)-D'^u{y)\^ dxdy 
Jb+{xI) Jb+{xI) 

<Nn'^il l/Ydx^ +NK-^''(-f \D\fdx\ . 

\JbU4) J ysUxi) J 

Notice that by the triangle inequality, 

/ \ffdx<N-f \ffdx + N I \F{D\)-F{D^u,x)fdx. 

JB+r{xl) JB+rixl) JB+r(xl) 

For any x G M^, denote 

h{x)= sup \F{u" ,x) - F{u")\. 

w"G5;|u"|=1 

By Holder's inequality, 
/ \F{D'^u) - F{D^u,x)\'^dx < I h\x)\D'^u\'^ dx < J^^^ J^^', 

J Btrixl) J Btrixl) 

where 

Ji = / \D^uf'^dx, 
J2= f hl^''^ix)Lj.+ dx<N I h(x)U+ dx. 
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If Kr > Rq, then by Remark 3.1 



J2 < iV(Kr)-'^ / h{x) dx < N{Kr)-'^l4 / h{x) dx < N^. 
If KT < Rq, then 



J2<N f h{x) dx < Nil. 

•I B+r{xl) 



Therefore, 



\F{D'^u) - F{D\x)\'^dx <n( I \D^u{x)f'^ dx\ ii^'^' 

and this leads to the desired result. The lemma is proved. □ 

Corollary 3.2. Under the assumptions of Lemma 3.1, let p > (3d. Then 

there is a constant Nq, depending only on 6,/3,d, and p, such that 

Indeed it suffices to proceed as in the derivation of (2.8). 

By taking 2/3 = 1+p/d and choosing k and 6 in such a way that 

we arrive at the following corollary. 

Corollary 3.3. Let p > d, u e W^i^f) be a solution of (3.1) with A = 
vanishing outside B^^{z), where z G R'|_. Then there exist 9 = 9(d,p,5) £ 
(0, 1] and N = N{d,p,6) such that if Assumption 1.2 is satisfied with this 
6, then ) < NWfW^^^^d^y 

The next theorem is the main result of this section. 



Theorem 3.4. Let p > d. Then there exist constants 6 G (0, 1] depend- 
ing only on d, p, S and Aq depending only on d, p, S, and Rq such that if 
Assumption 1.2 holds with this 0, then 

(i) For any A > Aq and any u G Wp{M.'^) satisfying (3.1), we have 

MH\Lp(Rf) + \\D^'^\\Lp(Rf) < ^ll/llL^(Md)' (3-3) 

where N = N{d,p, 5); 

(a) For any A > 0, there exists a constant N = N{d,p,6, Rq, X) such that 
ifu,ve W^iRl) andu-ve W^iR^), then 

\\u\\w^^{Rf) < N\\F{D^u, •) - Au||^^(Kd ) + N\\v\\^2(^^d^), (3.4) 

Proof. We suppose that Assumption 1.2 holds with 6 from Corollary 3.3. 
(i) Take a nonnegative ( G Cq° which has support in and is such that 
integrates to one. For the parameter z G define 

Uz{x) = u{x)C{z - x) 
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and observe that for any x € we have 

/ e{z-x)dz = l. (3.5) 

Then notice that, by the homogeneity of F, for any z G 

F{D'^Uz{x),x) = fz{x) + Xuz{x), 

where 

Mx) = f{x)az -x) + FiD^u.ix), x) - F{C{z - x)D\ x) 
By Corollary 3.3 and the Lipschitz continuity of F in u", 

IIC(---)P^-llli,(M^)<^IIC(---)/III^(,,.) 
+^III^C(^ - •)! I^-I + A^II(I^^C(^ - •)! + AC(^ - ■)Ml^uiy 

Upon integrating through this estimate with respect to z G and using 
(3.5) we get 

where A^i = Ni{d,6,p) and N2 = N2{d,6,p,Ro). Furthermore, as in the 
proof of Theorem 2.7, by analyzing the proof of Lemma 3.5.5 of [11], we 
have for any A > 

where N depends only on d,p, and 5. Hence 

and to finish proving (3.3) with N = 2Ni it only remains to use the multi- 
plicative inequalities and choose Xo{d,6,p, Rq) sufficiently large, 
(ii) Set w = u — V and / = F{D'^u, x) — Xu. Observe that 

F{D^w, x)-Xw = f + [F{D^w, x) - F{D'^w + D^v, x)] + Xv 

and \F{D'^w,x) - F{D^w + D^v,x)\ < N\D'^v\. Then we see that (3.4) 
follows from the proof of Assertion (i). The theorem is proved. □ 

The following solvability theorem is a standard result, which however will 
not be used later in the paper. The main emphasis here is on the method 
of proof. 

Theorem 3.5. Let p > d. Then there exist constants 6 G (0, 1] depend- 
ing only on d,p,6 and Xq depending only on d,p,5, and Rq such that if 
Assumption 1.2 holds with this 9, then for any v G W^iR'{), X> 0, and 
f G Lp(R^), there exists a unique u G W^(R^) satisfying (3.1) and such 
thatu-ve T^p(M+). 
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Proof. We take 9 from Theorem 3.4 and first we assume that F(u",x) is 
infinitely differentiable with respect to a; G M'' and each of its derivatives is 
continuous in {u",x) and Lipschitz continuous in u" uniformly with respect 
to X (in particular, if in addition F^k are differentiable with respect to u" 
for u" / 0, then F^k^.. are bounded for u" / 0). By mollifying F{u",x) 
with respect to u" and using its properties listed above we obtain a sequence 
F'^(u",x) of functions infinitely differentiable in {u",x), converging to F as 
n — ^ oo, convex in u" and such that, for all n and all values of the arguments 
and ^ G R'' and v" e S, we have 

- F^r^c < Ni\v"\ + mcl 

where N is independent of n. It follows that the function — F(— n",x) — An 
is of class T introduced in [11, §6.1]. We also take / G Co°(M^) and v G 
C°°(M'^) with compact support. Then by classical results (see, for instance, 
[11] or [25]) equation (3.1) with boundary condition u = v on dW^ has a 
unique solution u, which is twice continuously differentiable in R^. As in 
the proof of Theorem 2.7 we have that u G Wp{R'i_) and estimate (3.4) holds 
(with F{D'^u,x) -\u = f). 

Next, we consider the general situation. Take the function C, from the 
proof of assertion (i) of Theorem 3.4 but such that (3.5) holds with p = 1. 
For n = 1, 2, ... define 

Fn{u",x)= [ F{u",x + y/n)C{y)dy. 

Obviously, these infinitely differentiable functions of x are positive homo- 
geneous of degree one and satisfy (Hi) and Assumption 1.2 with the same 
parameters as F does. 

Then we approximate / and v in appropriate norms with functions fn 
and Vn possessing the properties described above. This yields a sequence 
of Un G Wp{R.'l_) with uniformly bounded Wp{M.'^) norms and such that 

Un-Vne W^iM.'l) and 

Fn{D'^Un,x) - XUn{x) = /„(x). 

By embedding theorems there is a n G (M!|) and a subsequence,which is 
still denoted by {un}, such that Un ^ u uniformly on compact subsets of 
Wl. In particular n = i; on so that u - v eW^iR^). 

Since fn^fin I/p(M+), we may assume that fn^f (a.e.). Therefore, 
if we define 

Fno{u",x)= supFn{u",x), F^^{u",x)= inf Fn{u",x), 

n>no n>no 

then, for any no, (a.e.) 

lim Fno{D^Un,x) > lim Fn{D'^Un,x) = f{x) + \u{x), 
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lim F_ (D'^Un^x) < lim Fn{D^Un,x) = f{x) + Xu{x). 
It follows by Theorems 3.5.15 and 3.5.6 of [11] that for any no (a.e.) 

Fn,{D\,x) > fix) + Xu{x) > F^^{D\,x). (3.6) 

Now observe that, for each u" € S, Fn(u",x) F(u",x) (a.e.). Since 
both parts are positive homogeneous and Lipschitz continuous in u" with 
constant independent of n we also have 

Fno{u",x) - F^^{u",x) < eno{x)\u"\, 

where £noix) (a.e.) as uq oo. After that to finish proving the 
existence it only remains to pass to the limit in (3.6). 

Uniqueness is proved in the same way as in Theorem 2.7. The theorem is 
proved. □ 

4. Proof of Theorem 1.2 

First we state a generalization of a result of [15]. The point is that in 
that paper the counterpart of our Assumption 1.2 is formulated as (1.8) (in 
its elliptic version). 

Theorem 4.1. Let p > d. Then there exist constants 9 G (0, 1] depend- 
ing only on d,p,6 and Xq depending only on d,p,6, and Rq such that if 
Assumption 1.2 holds with this 6 and V = W^, then 
(i) For any u G Wp{W^) satisfying (3.1), we have 

MML^iRd) + WD^uhpiRd) < -/V||/||Lp(Rd), (4.1) 
if -^Oj where N = N(d,p,8), and we have 

IKIIw|(Rrf) ^ ^ll/llw-'KM^) (4-2) 

j/A > with N = N{d,p,d,Ro,X). 

(Hi) For any A > and f G Lp{W^), there exists a unique u G W^(R'') 
satisfying (3.1). 

We only give a few comments on the proof of this theorem. In case F is 
independent of x the a priori estimate (4.1) is obtained in [15] for all A > 0. 
When F depends on x one obtains the estimate (4.1) for A > Aq and (4.2) for 
A > as in the proof of Theorem 3.4. After the necessary a priori estimates 
are obtained, it is stated in [15] that the solvability theorems are derived 
in a standard way without giving any specific details. This standard way is 
presented in the proof of Theorem 3.5. 

Proof of Theorem 1.2. As in the proof of Theorem 3.4, we first establish 
(1.6) as an a priori estimate and the case of general g is reduced to the case 
5^ = by replacing the unknown function u with u — g. We will see that to 
obtain the a priori estimate we do not need condition (H3). 
Observe that Theorems 3.4 and 4.1 with A = Aq imply that 
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WdMla^'^) < N{\\FiD\)\\L^^^,^ + ||i;||i^(M.)), G W^iR"), (4.3) 

where AT = N{d,p,5,Ro) (provided that 9 = 9{d,p,6) is chosen appropri- 
ately). 

Now assume that u G W^(P) satisfies 

F{D^u{x), x) + G{D^u{x),Du{x),u{x),x) = 0. (4.4) 

We move the term G to the right-hand side and define 

f{x) := -G{D^u{x),Du{x),u{x),x). 

After that by using the technique based on flattening the boundary, par- 
titions of unity, and interpolation inequalities allowing one to estimate Du 
through D^u and u and also using (4.3) we obtain that 

\\D\\\l^^t:>) < iVi(ll/llL,{i?) + hh.iv)), (4.5) 

provided that 6 is sufficiently small depending only on d, p, 6, and the C^'^ 
norm of dD. Here A^i depends only on d, p, 6, Rq, and the C^'^ norm of 
dV. Below by Ni we denote the same type of constants as Ni. It follows 
from the definition of / and (H2) that, for any s > 0, 

\\f\\L,iv) < \\x{\D^u\)DMLAV) + K{\\Duh^f^j,) + ||n||^^(^)) 

+ 11^11^,(2,) < xis)\\D\\\L,iv) + \\x\\l^s\V\'/p 

+K{\\Du\\l^^j,) + ||n|U^(p)) + IIG'lli^(P). (4.6) 

Upon taking s large so that Nix{s) < 1/2, we get from (4.5), (4.6), and the 
interpolation inequality that 

\Mw,^{V) < MIMlav) + \\G\\l,(v) + \\x\\l^s\V\'/p). (4.7) 

To estimate the term ||m||lp(d) on the right-hand side of (4.7), we rewrite 
(4.4) as 

F{D^u{x),x) +G{D'^ u{x) , Du{x) , u{x) , x) 
-G{D'^u{x),0, 0, a;) = -G{D'^u{x),0, 0, x). (4.8) 
Note that, by conditions (Hi) and (H2), there exist L G and bounded 
measurable functions b = {b^,...,b'^) and c such that the left-hand side of 
(4.8) can be represented as Lu + h^Diu — cu. Since G is nonincreasing in u, 
we have c > 0. Therefore, by Alexandrov's estimate 

sup|u|, < N\\GiD^ui-),0,0,-)\\L,{v), 

V 

where N = N{d,p,S,diam{I))). Again by condition (H2), for any si > 0, 

\\u\\L,iv) < N\\x{\D\\)D\\\l^^j,) + NWGU^^r,^ 

< Ns{x{si)\\D^u\\l^^t,) + \\x\\l^s,\V\'/p + ||G|U^(i,)). (4.9) 

Combining (4.7) with (4.9) and taking si sufficiently large so that N2Nsx{si) < 
1/2, we arrive at 

Mw^iv)<N4Gh^(^j,) + N,{s + si)\\x\\Lj'D\'/'', 
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which is (1.6) in the case that g = 0. 

To prove the existence and uniqueness of solutions, we first assume that 
H := F + G and g are smooth in x and the domain is of class C^"*"". Then, 
under conditions (H2) and (H3), it is known (cf. the proof of Theorem 3.5) 
that there is a unique {V) solution u with a given smooth boundary data. 
This solution is certainly in Wp{V) and we have an estimate of its Wp{V) 
norm. After that we mollify the original F and G in x, mollify 5, and 
approximate P by a sequence of increasing smooth domains with the 
C^'^ norm under control. We take these domains because otherwise after 
mollifications F may fail to satisfy (1.5) for all x G D. After that it suffices 
to repeat the last part of the proof of Theorem 3.5. To see that the limiting 
function u satisfies u — g e Wp{V), we use the fact that Un,gn £ ^piT^n) 
with uniformly bounded norms and the fact that {un — gn)lvn £ Wp{T>) 
with uniformly bounded norms. Of course, while passing to the limits and 
proving uniqueness wc use that for any u,v & Wp{'D) there is an operator 
L £ hs and bounded measurable functions b = {b^, ...,6*^) and c satisfying 
\b\<K, 0<c<K such that 

H{D\ Du ,u,x) — ,v,x) 
= H{D^u, Du, u, x) — H{D^v, Du, u, x) 
+H{D^v, Du, u, x) - H{D^v, Dv, v, x) 
= L{u -v) + b'-Di{u -v) - c{u - v). 
The theorem is proved. □ 

5. Parabolic Bellman's equations in IR'^+^ with constant 

coefficients 

In this section we consider the equation 

dtu{t,x) + F{D\) = f{t,x), (5.1) 

in the whole space. Due to the same reasons as in Section 2, equation (5.1) 
can be written as a parabolic Bellman's equation 

dtu{t,x) + sup[a^^ {u)Diju(t, x)] = f{t,x). 
wen 

For r > 0, introduce Qr ■= Qr{0,0). The following is Lemma 4.2.2 in 
[14]. 

Lemma 5.1. Let p G [l,oo). Then there is a constant N = N(d,p) such 
that for any r € (0, 00) and u G C^^{W^'^^) we have 



I \Du - {Du)Qjdxdt < NrP I {\D'^u\ + \dtu\fdxdt, 
f \u{t, x) - {u)q^ - x\Diu)Q^ f dx dt 
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< Nr^P / {\D'^u\ + \dtu\)P dx dt. 



The second lemma is a parabolic embedding theorem proved as Lemma 
II.3.3 in [18]. 

1 2 

Lemma 5.2. Letp > {d+2)/2 andu G Wp' (Qi). Then for any {t,x) G Qi, 

\u{t,x)\ < N\\u\\^1.2^Q^y 

where N = N{d,p). 

Let V = u{t, x) — {u)q^ —x^{DiU)Q^, then v belongs to Wp'^{Qr) whenever 
u does. Noting that 

DijV = DijU, dtu = dtv, DiV = DiU- {Diu)Q^, 

we get the following corollary by dilations and combining Lemmas 5.1 and 
5.2. 

Corollary 5.3. Let p > {d + 2)/2 and r G (0, oo). Then for any u G 

A.2 



Wp' (Qr), we have 

sup \u{t, x) - {u)q^ - x''{DiU)Q^ \P 
{t,x)eQr 

< Nr^P / i\D^u\ + \dtu\)Pdxdt, 

jQr 

where N = N(d,p). 

1 2 

Lemma 5.4. Let r G (0,00) and k > 2. Let v G C^' (Q^r) be a solution of 
(5.1) with / = 0. Then there are constants a G (0, 1) and N depending only 
on d and S such that 

f f \D'^v{t,x) - D'^v{s,y)\dxdtdy ds < NK~'^-°'r~'^ sup \v\. 

jQr JQr d'Qnr 

Proof Dilations show that we may concentrate on the case when r = 1/k. 
In this case one routinely derives from Theorem 5.5.2 in [11] that there exist 
a, N depending only on 6, d such that for any (t, x), (s, y) G Q1/2, we have 

\D'^v{t,x) - D'^v{s,y)\ < iV(|ar-y|°^ + |t-s|°^/2)sup|v| (5.2) 

Qi 

Thanks to the maximum principle, the lemma is proved. □ 

Remark 5.1. By "routinely derives" we mean the following. First observe 
that we may assume that 

sup \v\ = 1. 

Qi 

Indeed, if the sup is zero, we have nothing to prove. However if the sup is 
different from zero we can replace v with the ratio of v and the sup. 
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Then we approximate F{u") by smooth convex functions F"'(u") so that 
^ F as n — >■ cxD uniformly on compact sets and for all values of variables 

< Fl^ee < S-'\e, \F- - Fl^u,,\ < 1. 

To do that it suffices to mollify F{u") with respect to u" . Then we ap- 
proximate V on &Qi uniformly by infinitely differentiable functions (j/^ such 
that \(j)^\ < 1. Next, we apply Theorem 6.2.5 of [11] to find a unique 
G C^'^iQi) n C(Qi) such that 

^ttx" + F"(L>V) - ^u" = in Qi 

and ?i" = on ffQi. 

This theorem also guarantees that 

for any e G (0, 1/2). By the maximum principle u" are uniformly bounded 
in Qi. Since 

dtv + F''{D'^v) -^v = ^"(D^t;) - F{D'^v) - 

and the latter tends to zero uniformly in Qi, by the maximum principle 

— 7- u uniformly in Qi. 

Now we can formally apply Theorem 5.5.2 of [11] and get that the C^+°/^'^"'""((5i/2) 
norms of are uniformly bounded and, in particular, for any (t, x), (s, y) G 
Qi/2, we have 

- D'^u'^is, y)\ < N{\x - y|" + \t - s|"/2), 

where A'^ depends only on d and 6. Since vP' ^ v uniformly and D'^u^ are 
uniformly equicontinuous in (5i/2) we have that D'^vJ^ — )■ D'^v in (5i/2j which 
yields 

\D'^v{t, x) - D\{s, y)\ < N{\x - + \t - s|"/2) 
and this coincides with (5.2). 

Introduce as before Lemma 2.4 but allow the dependence of the coef- 
ficients on (t, x) rather than on x only. 

Lemma 5.5. Let r G (0, oo) and let u G C{Qr) fl W^^^{Qp) for any p G 
(0, r) . Then there are constants 7 G (0, 1] and N, depending only on S, d, 
such that for any L ^ILg we have 

I iD^u^dxdt < A^r-2^sup|uP 

J Qr d'Qr 

+n{ I \dtu + Luf+^dxdt] . (5.3) 

\jQr J 
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Proof. If we prove (5.3) with p in place of r for any p € (0, r), then by 
passing to the hmit we will obtain (5.3) as is. Hence, we may assume that 
u G W^^^{Qr)- As usual, we may also assume that r = 1. Then wc may 
also assume that the coefficients a^^ (t, x) of L are infinitely differentiable in 
Now set / = dtu + Lu in Qi and extend f{t,x) for t < as zero. 
Also set u{t,x) = u{—t,x) for t < 0. Observe that the new u belongs to 

12 12 

W^^^{{—1,1) X Bi). After that define v{t,x) as a unique ^^^^-,^((—1,1) x 
Bi) n C([— 1, 1] X Bi) solution of dtv + Lv = f with terminal and lateral 
conditions being u. The existence and uniqueness of such a solution is a 
classical result (see, for instance, Theorem IV.9.1 of [18] or Theorem 7.17 of 
[19]). By uniqueness v = u in Qi, so that owing to Corollary 4.2 of [15], 

/ X 7/(^+1) 

/ \D\pdxdt= \D^vpdxdt<Ni \ff+^dxdt\ 
jQi JQi \i{-i,i)xSi ) 

f r \7/(d+l) 
+N sup \v[' = n( / \ff+^dxdt] +Arsup|up. 

a'(-l,l)xBi \7Qi / d'Qi 

The lemma is proved. □ 

We note that a slightly weaker statement than Lemma 5.5 can be found 
in [26], where for the proof the reader is referred to [27]. 

Everywhere below in this section a is the constant from Lemma 5.4 and 
7 is the one from Lemma 5.5. 

Lemma 5.6. Let r G (0, oo) and k > 2. Let u G W^^^{QKr) be a solution 
to (5.1). Then 

/ / \D^u{t,x) - D^u{s,y)\''' dxdtdyds 
where N depends only on d and 6. 

Proof. As usual, it suffices to prove the lemma for r = 1. We follow the 
proof of Lemma 2.4 in [15] and, as there, without trouble reduce the general 
case to the one that u G C^{Qk)- Define u := u — {u)q^ — x^{Diu)Q^ and 

12 — 

let V E Cf^' (Qk) n C{Qk) be a solution of (5.1) in with / = and v = u 
on O'Qk- Such a solution v exists by Theorem 6.4.1 of [11]. By Lemma 5.4, 
Holder's inequality, and Corollary 5.3, we have 



/ / 

jQi JQi 



D^v{t, x) — D'^v{s, y)^^ dx dt dy ds 



< iV/«-T(2+«) sup \vp < NK-"^{\D\f+^ + Idtul^+^ f^^"^^'. (5.4) 
d'Q. 



\ 7/(d+l) 



FULLY NONLINEAR EQUATIONS WITH VMO COEFFICIENTS 23 

Let w := u — v in Q^. Then by the same argument as in the proof of Lemma 

2.4 in [15] or our Lemma 2.5, we obtain that there exists an operator L G L^, 
such that dtw + Lw = f. Then by Lemma 5.5, 

/ \D^w\'^dxdt<NK'^+^ -f \D'^w\'^dxdt 

and 

f f / f \7/(rf+i) 

/ / \D^wit,x)-D'^w{s,y)\'^ <Nk'^+'^ { f \f\'^+^dxdt) 

Jqi Jqi \Jq^ ) 

By combining this inequahty and (5.4) and observing that D^u = D^v+D^w 
and 

\dtu\ = 1/ - F{D^u)\ < I/I + N\D\\, (5.5) 
we get the desired result. The lemma is proved. □ 

The next theorem is the main result of this section. For simplicity of 
notation set 

Lp = Lp{R'^+^), Wl'^ = Wl'^^M.-^^^). (5.6) 

Theorem 5.7. Letp > d + 1. (i) Let u G VFp'^ he a solution to (5.1). Then 
\\DML, + \\dM\L,<N\\f\\L,, (5.7) 

where N depends only on p, d, and 5. 

(a) For any A > and f G Lp, there exists a unique solution u G Wp'"^ of 
the equation 

dtu + F(D\) -\u = f. (5.8) 

Furthermore, 

\\\uU^ + \\D^u\\l, + \\dtu\\L, < N\\f\\L„ (5.9) 
where N depends only on p, d, 5, and A. 

Proof, (i) The estimate of the D'^u term on the left-hand side of (5.7) is 
derived from Theorem 5.3 of [15] and Lemma 5.6 in the same way as Theorem 

2.5 (i) of [15] or Theorem 2.7 (i). Of course this time we use the filtration of 
parabolic dyadic cubes. The estimate of dfU follows from that of D^u and 
(5.5). 

(ii) To prove the a priori estimate (5.9) we replace / with —\u + / in the 
above estimates and get 

\\dtu\\L, + \\D^u\\L,<X\\u\\L, + \\f\\L,. 

Hence it suffices to prove that 

A|H|L,<iV||/||^^, 
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which is done in the same way as in the ehiptic case. After that, the solv- 
abihty of (5.8) is proved in the same way as in Theorem 2.7. The theorem 
is proved. □ 

6. Parabolic equations in with VMO coefficients 
In this section, we consider the parabohc equation 

dtu{t, x) + F{D^u{t, x), t, x) - Xu{t, x) = f{t, x). (6.1) 

Everywhere below in this section. Assumption 1.1 is supposed to hold 
with D = M'^^^, a is the constant from Lemma 5.4, and 7 is the one from 
Lemma 5.5. We use notation (5.6) and recall that 0{f^, d, S) is introduced in 
Remark 3.1. 

Lemma 6.1. Let P G (l,oo), A = 0, //,r G (0, 00), k > 2, and {tQ,xo) € 
R^'^^. Suppose that 6 = 6{iJ,,d,S). Let u G W^'^^ he a solution of (6.1) 
vanishing outside QRo{to,xo). Then, 

/ / \D\{t,x)-D^u{s,y)\^dxdtdyds<NK'^+^ (ifl'^y^^'^''^^ 

^N.-'^-[\D-ur^y""^'\ (6.2) 
where N = N{d, 6, /3) and = /3/(/3 - 1). 

Proof. We will basically repeat the proof of Lemma 3.1 adapting it to the 
parabolic case and the whole space. Introduce 

F(,/') = I (^)q«o(*0'^o)(«")> if > i?o; 
^ ' \{F)Q.rW% otherwise, 

and 

h{t,x)= sup \F{u" ,t,x) - F{u")\. 



Note that 
where 



u"&S:\u"\=l 

dtu + F{D\) = f, 



fit, x) = f{t, x) + F{D\) - F{D\ t, x). 
By Lemma 5.6 and the triangle inequality, 



/ / \D^u{t,x) - D'^u{s,y)\^ dxdtdyds 

+Nn--^ {\D\\^^'f^'^'\ (6.3) 
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where = N{d, 6) and 



J = / \F{D^u) - F{D^u,t,x)\'^+^lQ^{to,xo)dxdt < 
ti 

Ji = / \D^uf^'^^'-Uxdt, 

^ QK.r 

J2= f ^^'^'+'^^H„(to,xo) dxdt<N j hlQ^^^t^^,^) dx dt. 



If Kr < Rq, we have 

J2<N l hdxdt<Ne. 

If Kr > Rq, we have 



J2<N{Kr)~'^-^ f hdxdt 
<N{Kr)-'^-^R^-^'^ S hdxdt <Nn. 

•J Q R^dn.xn) 



Therefore, in any case, 

J<n(1 \D''u{x)f''+^Uxdt] 

Substituting the above inequahty back into (6.3), we get (6.2). The lemma 
is proved. □ 

From Lemma 6.1, by a standard argument using Theorem 5.3 of [15] and 
the Hardy-Littlewood theorem, we arrive at the following corollary. 

Corollary 6.2. Let p > d + 1, and u G M^J+i he. a solution of (6.1) with 
A = vanishing outside Qj^ . Then there exist constants N and 6 depending 
only onp, d, and 5, such that if Assumption 1.1 is satisfied with this 6, then 

\\DML, + \\dtu\\L,<N\\f\\L,. 

For any T £ [— oo, oo), we denote 

R^+i = {(t,x) e M'^+^ : t > T}. 

The main result of this section is the following theorem. 

Theorem 6.3. Let p > d + 1 and T G [— oo, oo). Then there exist G (0, 1], 
depending only on d,S,p and a constant Xq, depending only on d,5,p, and 
Rq, such that if Assumption 1.1 is satisfied with this 6, then 

(i) For any A > Aq and any u G 1^J_^^(M^'^^) satisfying (6.1), we have 

^II"IIl^(m^+1) + ll^t^llL^(M^+i) + P^"IIl^{m^+1) ^ ^II/IIl^(m^+1)' (6-4) 
where N = N{d, S,p) 
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(ii) For any X > 0, there exists a constant N = N{d,p, 6, Rq, A) such that 
for any u G Wp''^{M.p'^) satisfying (6.1) we have 

(Hi) For any A > and f G Lp(M^^), there exists a unique solution of 
(6.1) in Wp''^(R^+^). 

Proof First we assume T = — oo. The proof of Theorem 3.5 shows that 
assertion (iii) follows from (i) and (ii). We suppose that Assumption 1.1 
holds with 9 from Corollary 6.2. 

Take a nonnegative function G C°° which has support in —Qrq and is 
such that integrates to one. Fix (s,y) G M'^+-'^, and define 

'^{s,y) {t,x) = u{t,x)C{s - t,y - x), 

Then U(^s^y^{t,x) is supported in Qru^^s^y), and 

where 

fis,y) {t, X) = f{t,x)C{s-t,y-x) + F{u^s,y) , t, x) 

-F{C{s -t,y- x)D'^u, t, x) - {dtO{s -t,y-x)u + Xu(^s,y)- 
By Corollary 6.2 and condition (Hi), 

\\C{s-.,y-.)dtu\\l^ + \\C{s-.,y-.)DMl, 
< N\\as -■,y- O/lli + N\\ IDCis - y - ■)\Du\\l^ 
+ ||(|5,C| + |i^'CI + A|C|) {s-.,y-.)u\\l^. 
Integrating the above inequality over {s, y) G R'^+^ we get 

\\dtu\\i^ + \\DMi,<N,mi,+nAi,) 

+N,{\\Du\\l^ + \\u\\l^l 

where Ni = N-i{d,S,p) and N2 = N2{d,S,p, Rq). Now to conclude (6.4) 
and (6.5), it suffices to use again the proof of Lemma 3.5.5 of [11] as in 
Theorem 3.4. This completes the proof of the theorem in the special case 
when T = —00. 

For T > —00, we extend / to be zero for t < T, and then find a unique 
solution u G Wl''^{W^'^^) of (6.1) in M'^"^^, the existence of which is guar- 
anteed by the argument above. This in turn also yields the existence of a 
solution of (6.1) in R^"*""^ satisfying (6.4) or (6.5) as appropriate. Its unique- 
ness in Wp' (M.^^) follows as usual from the uniqueness for linear equations 
(with measurable coefficients) and parabolic Alexandrov's estimates. The 
theorem is proved. □ 

Wc finish the section by proving the following result about the Cauchy 
problem. Denote by W^p'^((0, T) xR'^) the set of functions of class VFp '^((0, T) x 
R*^) having zero trace on the plane {{T,x) : x G R''}. 
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Theorem 6.4. Let p > d + 1 and T > 0. Then there exists 9 G (0, 1] 
depending only on d,5,p, such that if Assumption 1.1 is satisfied with this 

9, the following assertions hold: 

(i) For any v G W"p'^((0,T) x W^) and f G Lp((0,T) x W^), there exists 
a unique solution u G VFp'^((0,r) x W^) of (6.1) in (0,T) x with A = 
satisfying u-ve Wp''^{{0,T) x R^). 

(a) Moreover, 

\\^\\w^-\{0,T)xRd) < ^\Mwl'\{o,T)xRd) + ^\\f\\Lpi{0,T)xRd), (6.6) 

where N = N{d, S,p,T,Ro ). 

Proof. As in the proof of Theorem 3.5, it suffices to prove (6.6) as an a 
priori estimate. By considering u — v instead of the unknown function u, 
without loss of generahty we may assume that v = 0. Furthermore, having 
in mind the possibihty of substitution u = e*u, we see that it suffices to 
consider equation (1.1) with A = 1. We extend u to be zero for t > T. It 
is easily seen that the extended u G PFp'^(Ro+^) satisfies (6.1) in M^+^ with 
f{t, x) = for i > T. Estimate (6.6) then follows from Theorem 6.3 (ii). □ 

7. Parabolic Bellman's equations in R'^^ with constant 

coefficients 

In this section, we consider equation (5.1) in the half space 

R^+^ := M X M^. 

For r > 0, i G M and x = {x^,x') G denote 

Q+{t,x) = Qrit,x)nR'!^\ Q+ = Q+ (0,0), Q+{x^) = Q+{0,x\0). 

The following lemma can be deduced from Corollary 5.3 in the same way 
as Lemma 2.1 is proved. 

Lemma 7.1. Letp > {d+2)/2 andr G (0, oo). Then for any u G Wp''^{Q^) 
vanishing on x^ = 0, we have 

sup l^x - x\Diu)q+\p < Nr^P I {\D'^u\ + \dtu\Ydxdt. 
where N depends only on d and p. 

Lemma 7.2. Let r G (0, oo), k>2, and v e (^(Q^r) 1^ Cl''^{Qtp) for any 

p G (0,r). Assume that v is a solution of (5.1) with / = a,nd v = on 
x^ = 0. Then there are constants a G (0, 1) and N, depending only on d 
and S, such that 

[D^v]c.,Q+. < iV(«:r)-2-" sup \v\. 

d'Q+r 
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Proof. Dilations show that it suffices to prove the inequaUty for nr = 1. We 
take a smooth domain Vi such that C Pi C B'^ . As in Lemma 5.4, it 
then follows from Theorem 5.5.2 in [11] that 



) ^ ^ sup 



\v\. 



1'^' (0,3/4)xDi 

Owing to the maximum principle, the lemma is proved. □ 

The next lemma is a consequence of Lemma 5.5 and can be proved in the 
same way as Lemma 2.4 is proved. 

Lemma 7.3. Let r G (0, cx)) and let a function u € C{Qf ) fl W^'^^{Q~I^) 
for any p G (0,r) and satisfy u = on d'Q^. Then there are constants 
7 G (0, 1] and N, depending only on 5 and d, such that for any L E hg we 
have 

f / f \7/(<i+l) 

f \D'^u\'^dxdt<N{ j- \dtu + Luf^^dxdt] 
JQ+ \Jq+ J 

Everywhere below in this section a is the smallest of the constants called 
a in Lemmas 5.4 and 7.2 and 7 is the smallest of the ones from Lemmas 5.5 
and 7.3. 

Lemma 7.4. Let r € (0,00), k > 16, and > 0. Let u G Wj|^^((5+^(xg)) 
he a solution to (5.1) in Q'^^{xq) vanishing on Qitrl^^o) ^ Then 

/ / \D^u{t,x) - D'^u{s,y)P dxdtdyds 

\ 7/(rf+l) 

\ff+Uxdt] 

+iVK-"^ I f \D\f+Uxdt] , (7.1) 




where the constant N depends only on d and S. 



Proof. As in the proof of Lemma 2.5 due to dilations, we only need to 
consider the case Kr = 8. Again, we consider the following two cases. 

Case 1: Xq > 1. In this case, we have Qrn/si^o) *^ I^^f"^ and inequality 
(7.1) is an immediate consequence of Lemma 5.6 since k/8 > 2. 

Case 2: Xq G [0, 1]. Since r = 8/k < 1/2, we have 

Q+(xJ) c c c Q+ (4). 

By using a standard approximating argument, wc may assume that u G 
C^b°{Qtri^o))- Define u := u — x^{Diu)q+. We claim that there exists a 
function v such that 

(i) V G C{Q4), V = u on d'Q^; 

(ii) V G Cl'\Q+) for any p < 4; 
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(iii) V satisfies (5.1) in with / = 0. 

The proof of this claim is obtained as follows. First we take smooth 
domains Vn such that B^_^^^ C Vn C Bf set Q„ = (0, 16) x P„ and by 

applying Theorem 6.4.1 of [11] find unique Vn € Cj|'^(Q„) nC(Q„) satisfying 
(5.1) with / = 0, and boundary condition Vn = u on d'Qn- Then one 
routinely derives from Theorem 5.5.2 in [11] (cf. Remark 5.1) that there 
exists /3 G (0,1) such that for any p < 4 the C^+^/'^''^+'^{Q+) norms of 
Vn are bounded for all large n. After that one takes a subsequence of ^;„, 
if necessary, and finds a function v possessing the above properties (ii) and 
(iii). That v also satisfies (i) is proved in the same way as a similar statement 
is proved in Theorem 6.3.1 of [11]. 

Now Lemmas 7.2 and 7.1 and the maximum principle easily yield that 



/ / \D^v{t,x) - D'^v{s,y)\ dxdtdyds 

< iVr"[i^2^]^„(Q+^) < iVr" sup |^;| 



d'Ql 



< Nk~'^ j- ^{\D'^u\ + \dtu\)'^+'^ dxdtj 
Recall that 7 € (0, 1]. By Holder's inequality, 

/ / \D'^v{t,x) - D\{s,y)P dxdtdyds 

jQ+{xl) JQ+{xl) 

< iV^-"^ / {\D^u\ + \dtu\f^^ dxdt\ . (7.2) 

Next iox w := u — V in Q^, we have w € ^J+i(Qp ) foi' any p < 4. By 
the same argument as in the proof of Lemma 2.5, we know that there exists 
an operator L G such that dtw + Lw = / in Q\. By Lemma 7.3 and the 
fact that Kr = 8, we get 

/ \D^w\^ dxdt<NK'^^^ -f \D^w\^dxdt 
jQ+{xl) Jq+ 

\ 7/(d+l) 
< Nk'^+'^ I / \ff+Uxdt] 




and 



<iVK<^+2 / \f\^+Uxdt] 

\jQtrixh) J 

f f \D^w{t, x) - D^w{s, y) P dx dt dy ds 

jQ+(xl) JQ+(xl) 
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/ „ \7/<i+l 
<Nk'^+^ i \ff+Uxdt) 

Upon combining this inequality with (7.2), observing that D^u = D'^v + 
D'^w, and using (5.5) we get (7.1). The lemma is proved. □ 

As in the proof of Theorem 2.7, one derives the following theorem from 
Lemma 7.4, the Hardy-Littlewood theorem, and Theorem 5.3 of [15], which 
we apply to the filtration of dyadic parabolic cubes belonging to M^^^. De- 
note by W^p'^(M!f+^) the set of functions from Wp'^{R'^'^) with zero trace at 
x^ = 0. 

Theorem 7.5. Letp > d + l. (i) Ifu € Wp''^{R'^^) satisfies (5.1) m M^|.+S 
then 

where N depends only on d, 5, and p. 

(ii) For any f € Lp(]R'|_"^^) and A > 0, there exists a unique solution 
u e Wp'^{R'^'^) of the equation 

dtu{t, x) + F{D^u{t, x)) - Xu{t, x) = f{t, x). 

Furthermore, 

where N depends only on d, 6, and p. 

8. Parabolic equations in R^+^ with VMO coefficients 

In this section, we consider parabolic equations in W^^^ with variable 
coefficients 

dtu{t,x) + F{D^u{t,x),t,x) - Xu(t,x) = f{t,x). (8.1) 

In the sequel. Assumption 1.1 is supposed to hold with V = W^^, and the 
constants a and 7 in Lemma 8.1 are taken from Section 7. Recall that 
6{lJ,,d,S) is introduced in Remark 3.1. 

Lemma 8.1. Let P G (1,cxd), A = 0, /x,r > 0, k > 16, Xq > 0, and 
(r, z) e Suppose that 9 = e{n, d, S). Let u G W]^^^(M^+^) be a solution 

of (8.1) vanishing outside Q'^^{t,z). Then 

I I \D^u{t,x) - D'^u{s,y)\^ dxdtdyds 



<Nn'^+^\l \f\'^dxdt\ 
\JqUxI) ) 

if 



\ 7/(d+l) 



s 7/(/3d+/3) 

+Nk''+' ( / \D\f^''+'^ dx dt ^7/(/3'd+/3') 
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\ 7/(<i+l) 



+Nk 



-a-y 



I / \D'^uf+^dxdt] , (8.2) 



where N = N{6,d,(3) and P' = (3/{(3 - 1). 
Proof. Introduce 

[ (^)Qt(4)("")' otherwise, 



Fiu") 
and 



h{t,x)= sup \F{u",t,x) - F{u")\. 

u"eS:\u"\=l 

Note that 

dtu{t,x) + F{D\) = f, 

where 

/>, x) = fit, x) + F{D\) - F{D\ t, x). 
By Lemma 7.4 and the triangle inequaUty, 

/ / \D^u{t,x) - D^u{s,y)\'^ dxdtdyds 

/ . \7/{d+l) 

< / \fY+^ dxdt] + iV«'^+2 JT/^'^+i) 



i \D^uf+Uxdt] , (8.3) 

\JQtr{xh) J 



where N = N{d, S), 



J = I \F{D^u) - F{D^u,t,x)f^^lQ+ dxdt < jI'^J. 
Ji=/ \D''uf^''+^Uxdt, 



dx dt. 



J2 = / h^'^'^^^^lQ+ (r ,)dxdt<N -f hlQ+ , . 

JqUxI) "^^o^^'^) yQ+(^i) ««o(^'^) 

If KT < Rq^ we have 



If KT > Rq, we have 



J2<N I h{t, x) dx dt < AT/x. 



J2<N{Kr)~'^~^ I h{t,x)dxdt 
< NiKvy^-^R^^^ / /i(i, x) dx dt < N/i. 



32 HONGJIE DONG, N.V. KRYLOV, AND XU LI 

Therefore, in any case, 

J<n{ I |D2y(a;)|^('^+i) dxdt \ ' 

\jQtr{xl) J 

Substituting the above inequahty back into (8.3) yields (8.2). The lemma is 
proved. □ 

The proof of Lemma 8.1 is just a rather dull repetition of already given 
proofs of similar facts. The following corollary is obtained in the same way 
as similar assertions were obtained before. 

Corollary 8.2. Let p > d + 1 and u e W^:^-^{R'i^^) be a solution to (6.1) 
with A = vanishing outside Qj^^^{T,z), where {t,z) G M*^"^"^. Then there 
exist constants ^ G (0, 1] and N depending only on p, d, and 6, such that if 
Assumption 1.1 is satisfied with this 9, then 

\\D-'u\\L, + \\dtu\\L,<N\\f\\L,. 

Next we state the main result of this section, which is deduced from 

Corollary 8.2 by modifying the proof of Theorem 3.5. By Wj}'^((T, oo) x IRjJ.) 
we denote the set of functions of class l^p'^((r, oo) x W\) with zero trace 
on x"^ = 0. 

Theorem 8.3. Let p > d + 1 and T G [—00,00). There exist constants 
9 = 6{d, S,p) G (0, 1], and Aq depending only on d, p, 5 and Rq, such that if 
Assumption 1.1 holds with this 9, then 

(i) For any A > Aq and u G lFp'^((r, 00) x R'^) satisfying (8.1), we have 

'^II'"IIlp((T,oo)x]R^) + ll^t''^llLp{(r,oo)xM^) + II-^^'"IIlp((T,oo)xM^) 



lLp((r,oo)xIR°)' 
where N = N{d, S,p). 

(ii) For any A > 0, there exists a constant N = N{d,p,6, Ro, \) such that 
for any u G Wp' ((T, 00) x W^) satisfying (8.1), we have 

ll^llw^pi'2{(T,oo)xRd) - ^ll/llLp{(T,oo)xRd)- 

(Hi) For any A > and f G Lp{{T, 00) x M!^), there exists a unique 
solution u G W'p'^((T, 00) x R^) of (8.1). 

We are now ready to prove Theorem 1.1. 

Proof of Theorem 1.1. The proof is similar to that of Theorem 1.2 in Section 
4 with some minor modifications. As before, we first establish (1.3) as an a 
priori estimate and we may assume that g = 0. 

We will see again that to obtain the a priori estimate we do not need 
condition (H3). 

Observe that Theorems 6.3 and 8.3 with A = Aq imply that 
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ll^t^llLp(M+xM^) + \\DML^{R+xRf) < N{\\dtV + FiD^v)\\Lp(R+xRd^) 

+ ll^'llL,(M+xM^t))> yveW^'\R+xRl), (8.4) 

where AT = N{d,p,d,Ro) (provided that 9 = 6{d,p,d) is chosen appropri- 
ately) . 

Now suppose that u £ wI''^{Vt) satisfies 

dtu + F{D^u, t, x) + G{D^u, Du, u{t, x),t,x) =0 (8.5) 

in Dt- We extend u and G to be zero for t > T. It is easily seen that the 
extended u G Wp''^{Voo) satisfies (8.5) in Pqo- Define 

/(t, x) = —G{D^u{t, x), Du{t, x), u{t, x),t, x). 

After that by using the technique based on flattening the boundary, par- 
titions of unity, and interpolation inequalities allowing one to estimate Du 
through D^u and u and also using (8.4) we obtain that 

\\9tu\\Lp{Vo.) + < A^idl/IUpPoo) + II'"IIlp(i?oo))' 

which is the same as 

\\dtu\\Lp(VT) + \\D'^u\\lp(Vt) < ^i(II/IIlp(Dt) + II^IIlpPt))' (8-6) 

provided that 6 is sufficiently small depending only on d, p, 6, and the C^'^ 
norm of dD. Here Ni depends only on d, p, 6, Rq, and the C^'^ norm of 
dV. 

It follows from the definition of / and (H2) that, for any s > 0, 

Wfh^iVr) < x{s)\\DMLAVr) + Wxh^sT'^m'^" 

+iC(pu|U^p,) + IKIU^p,)) + ||G|U^(^,). (8.7) 

Upon taking s large such that Nix{s) < 1/2, we get from (8.6), (8.7) and 
the interpolation inequality that 

h\\w^'^(Vr) ^ MMlavt) + WGh^Vr) + llxllL^^rVf |P|Vp), (8.8) 

where N2 is the same type of constant as A^^i. 

Next, one can estimate the Lp{T>T) norm of u by rewriting (8.5) similarly 
to (4.8) as 

dtu + Lu + VDiU -cu = -G{D'^u, 0, 0, t, x) 

and using the parabolic Alexandrov estimates. This will lead to an a priori 
estimate (1.3) as in the proof of Theorem 1.2 with N depending also on T. 
To see that A*" can be chosen to be independent of T, we suppose without 
loss of generality that V C where R = 4diam(P), and take the barrier 

function vq defined on from Lemma 11.1.2 of [14], which satisfies in Br, 

vq > 0, Lvq + b^DiVo — cvq < — 1. 
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Denote v = u/vq. Then v € wI''^{Vt) satisfies 

dtv + Lv + UDiV -cv = -VQ^G{D'^{vov),0,0,t,x) 
in T>T, where 

6* = 6* + 2a''^VQ^DjVo, c = -v^^ [Lvq + b'^DiVo - cvq) . 

It is easily seen that we can find constants K > and v > depending only 
on d, S, K, and R, such that 

1^1 i^<c<K. 

We then write c = c + u so that c > 0. As in the proof of Theorem 2.7 (ii), 
it holds that 

''IHlavt) < N{d,S,p)\\vQ^G{D\vov),OAt,x)\\L^^j,^), 
which gives 

\H\lavt) < N{d,6,p,R)\\G{D^u,0,0,t,x)\\L^(^v^^, (8.9) 

owing to the properties of vq. Combining (8.9) and (8.8), we finish proving 
the a priori estimate as in the proof of Theorem 1.2. 

With the a priori estimate (1.3) in hand, the existence and uniqueness 
are obtained by the same argument as at the end of Section 4 relying on 
condition (H3). The theorem is proved. □ 
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